We investigate second harmonic (SH) generation in a doubly resonant metamaterial. We show that SH generation can be enhanced when the resonant condition is satisfied for the SH frequency as well as for the fundamental frequency. A unit cell of the doubly resonant metamaterial consists of two coupled resonators, one of which resonates at the fundamental frequency, whereas the other resonates around the SH frequency. We observe that the SH generation in the doubly resonant metamaterial is 4.6 times as large as that in a singly resonant metamaterial.
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In this Letter, we introduce a doubly resonant metamaterial to generate the SH waves more efficiently in the metamaterial than in the singly resonant metamaterial used in the previous studies.
3 -7 We demonstrate that the SH generation can be enhanced if the resonant condition is satisfied for the SH frequency as well as for the fundamental frequency. First, using an electric circuit model, we show that SH generation can be further enhanced by introducing a resonator for the SH frequency in addition to a resonator for the fundamental frequency. Then, a unit structure of the metamaterial derived from the circuit model is presented. Finally, experimental results for the SH generation using the microwave metamaterial are described. Although the proposed method of enhancing the SH generation is demonstrated in the microwave region, it can also be used in the terahertz and optical regions.
We describe the concept of enhancing the SH generation using equivalent circuit models of resonant metamaterials. A singly resonant metamaterial can be modeled as an inductor-capacitor-resistor series resonant circuit, a) Electronic mail: tama@giga.kuee.kyoto-u.ac.jp
Singly resonant circuit and (b) proposed doubly resonant circuit for enhancing the SH current. The circuit constants satisfy 1/ √ L1C1 = ω1 and 1/ √ L2C2 = ω2 ≃ 2ω1.
as shown in Fig. 1(a) . The external electromagnetic field corresponds to the voltage source V cos ωt. The voltage across the capacitor reaches a maximum at the resonant angular frequency ω 0 = 1/ √ LC. If the capacitor exhibits nonlinearity, a large nonlinear effect is expected at ω 0 .
2 We assume that the voltage across the nonlinear capacitor is written as v C = q/C(q) = q/C + αq 2 , where q is the charge in the nonlinear capacitor, and α is the nonlinear coefficient. Using the second-order perturbation method under a weak nonlinearity condition, 10 the current amplitude oscillating at 2ω is obtained as
where
is the impedance of the circuit. When ω is tuned to ω 0 , |Z(ω)| takes a minimum value and |I(2ω)| is maximized. This implies that the strong SH signal is generated from the singly resonant metamaterial when ω = ω 0 . Here, note that |I(2ω)| is further enhanced by also reducing |Z(2ω)| in some way. That is, more efficient SH generation from the metamaterial can be achieved when the resonant conditions for both the fundamental and SH frequencies are satisfied. We introduce a doubly resonant circuit shown in Fig. 1(b) for the enhancement of the SH current. This circuit is composed of two resonant circuits: the primary circuit with resonant angular frequency ω 1 = 1/ √ L 1 C 1 and the secondary circuit with resonant angular frequency
These resonators are coupled via a mutual inductance M . Kirchhoff's voltage law yields the coupled differential equations:
Here, the voltage across the nonlinear capacitor is expanded up to the second order of the charge q 1 . Applying the second-order perturbation method to Eqs. (2) and (3), we obtain
is the impedance of the secondary circuit, and
. Equation (5) shows that, in order to maximize the SH current, ω 2 must be shifted appropriately from 2ω 1 , considering M and the finiteness of the quality factors. Using a weak-coupling approximation, i.e., (4) and (5) can be simplified as follows:
The SH current flowing in the primary circuit is independent of M and identical to that in the case of the singly resonant circuit. The SH current in the secondary circuit is proportional to M . We define the current ratio as β ≡ |I 2 (2ω)/I 1 (2ω)| ≈ |ωM/Z 2 (2ω)|. When β ≫ 1, the SH radiation power can be enhanced approximately by a factor of β 2 compared with the case of the singly resonant metamaterial. Figure 2 (a) illustrates a unit cell of a doubly resonant metamaterial derived from the doubly resonant circuit. The primary resonator shown in Fig. 2(b) was fabricated on an FR-4 glass-epoxy printed circuit board of thickness 1.6 mm with a 35 µm-thick copper layer. A Schottky diode (Rohm RB886G) was loaded at the center of the I-shaped structure and used as a nonlinear element as in the previous studies.
5,7-9 The periodic cascade of structures can be regarded as a series inductor-capacitor resonant circuit.
11 The inductance is provided by a metal strip in the x direction and the total capacitance is determined by the Schottky diode and gaps between the neighboring structures in the x direction. The primary resonator resonates at 3.4 GHz. The secondary resonator shown in Fig. 2(c) was made of a 35 µm-thick copper film on a polyphenylene ether (PPE) substrate having a thickness of 0.8 mm. We used the PPE substrate, which has a smaller dielectric loss than the FR-4 substrate, to reduce the loss in the secondary resonator, i.e., to achieve the large enhancement factor of the SH generation. The secondary resonator was designed to resonate at 7.5 GHz considering M and the quality factors. The two resonators were separated from each other by distance d.
Although the x-polarized incident electric field can directly excite both the primary and secondary resonators, the current excited in the secondary resonator is negligibly small due to off-resonant excitation. Therefore, the metamaterial can be modeled as the doubly resonant circuit shown in Fig. 1(b) . For the experimental demonstration of the enhancement of the SH generation, we performed transmission measurements of the doubly resonant metamaterial. The mono-layer doubly resonant metamaterial was placed in a parallel plate waveguide composed of two copper plates parallel to the yz plane with a separation of 40 mm. The copper plates are equivalent to periodic boundaries because the electromagnetic fields are uniform in the x direction. A pair of ultra-wide band dipole antennas 12 was used as a transmitter and a receiver. The transmitting antenna was excited by a signal generator and the receiving antenna was connected to a spectrum analyzer. Figure 3 shows the measured power of the SH wave generated from the doubly resonant metamaterial for three different distances d. The SH power generated from the metamaterial without the secondary resonator is also shown by the solid line. In the absence of the secondary resonator, the radiated SH power reaches a peak around the fundamental frequency of 3.4 GHz, which is the resonant frequency of the primary resonator. Focusing on the SH signal around the fundamental frequency 3.4 GHz, the observed SH power increases with decreasing d. The radiated SH power for d = 1.0 mm is 4.6 times as large as that in the case of the metamaterial without the secondary resonator. The reason the doubly resonant metamaterial with large d radiates less SH power than the singly resonant metamaterial will be explained later. We compare the experimental results with the circuit analysis. We assume that the SH generation from the secondary resonator is much larger than that from the primary resonator. Based on Eq. (7), the total SH radiation power is written as P (2ω) = aM 2 ∝ |I(2ω)| 2 , where a is a proportional constant. The mutual inductance M between the primary and secondary resonators can be derived from Neumann's law 13 and approximated
, where µ 0 is the permeability in a vacuum and l 1 (l 2 ) is the effective length in the x direction of the primary (secondary) resonator. We have assumed that the resonators are infinitely thin conducting wires, that the current distribution is uniform along the x direction, and l 1 , l 2 ≫ d. We fitted the dependence of the measured SH power on d to aM 2 in the range of d = 2.5 mm-6.5 mm by varying the parameters l 1 + l 2 and a. Figure 4 shows the variation of the SH power for various d. The experimentally obtained SH power and the fitted curve agree well with each other for 2.5 mm ≤ d ≤ 6.5 mm. Thus, we conclude that the SH generation is resonantly enhanced in the secondary resonator coupled with the primary resonator via the mutual inductance. The reason the agreement of the measured values with the fitted curve is poor for d < 2.5 mm or d > 6.5 mm is as follows. When d < 2.5 mm, M becomes relatively large and the weak-coupling approximation used in deriving Eq. (7) is not applicable. In the case of d > 6.5 mm, the SH wave radiated from the secondary resonator is not large enough to neglect that from the primary resonator.
For large d, the doubly resonant metamaterial radiates less SH power than that from the singly resonant metamaterial at around the fundamental frequency of 3.7 GHz. In this case, the SH power is radiated primarily from the primary resonator. |I 1 (2ω)| in Eq. (4) becomes smaller than |I(2ω)| in Eq. (1) because |Z ′ (2ω)| > |Z(2ω)|. Thus, the total radiated SH power is smaller than that from the singly resonant metamaterial.
We investigated the SH generation in the doubly resonant metamaterial. Using the electric circuit model, we showed that the efficiency of the SH generation can be enhanced when the resonant conditions for both the SH frequency and the fundamental frequency are satisfied. We measured the power of the radiated SH wave from the microwave metamaterial and verified that the efficiency of the SH generation was further enhanced by introducing the secondary resonator due to the resonance effect for the SH frequency.
The enhancement factor can be increased by reducing the losses in the secondary resonator, increasing the coupling between the two resonators, and finely tuning the resonant frequency of the secondary resonator; therefore, we expect larger SH radiation by optimizing the structure of the metamaterial. The current method can be applied to other frequency-conversion processes, such as higher-order harmonic generations and sum-frequency mixing. When using the proposed method in a multilayered metamaterial, it is necessary to design the metamaterial so that the phase-matching condition is also satisfied.
